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Theorem (The product rule)
If f and g are differentiable at x, then the product fg is differentiable at
x

and
D[f(x)g(x)] = f ′(x)g(x) + f(x)g′(x).

If we set u = f(x) and v = g(x), then this product rule can be written

d(uv)
dx

=
du

dx
v + u

dv

dx
.
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Product of two functions

Example
To find f ′(x) if f(x) = 3x2ex2

begin by thinking of f(x) as the product

f(x) = (3x2)(ex2
).
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Example
To find f ′(x) if f(x) = 3x2ex2

begin by thinking of f(x) as the product

f(x) = (3x2)︸ ︷︷ ︸
u

(ex2
)︸ ︷︷ ︸

v

.

Next, use the product rule

f ′(x) = (6x)ex2
+ 3x2(2xex2

)
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Example
To find f ′(x) if f(x) = 3x2ex2

begin by thinking of f(x) as the product

f(x) = (3x2)︸ ︷︷ ︸
u

(ex2
)︸ ︷︷ ︸

v

.

Next, use the product rule and then factor to obtain

f ′(x) = (6x)ex2︸ ︷︷ ︸
du
dx v

+ 3x2(2xex2
)︸ ︷︷ ︸

u dv
dx

= 6xex2
(1 + x2).
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Proof of the product rule

From the definition of the derivative we have

D[f(x)g(x)] = lim
h→0

f(x + h)g(x + h)− f(x)g(x)
h
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From the definition of the derivative we have

D[f(x)g(x)] = lim
h→0

f(x + h)g(x + h)− f(x)g(x)
h

= lim
h→0

f(x + h)g(x + h)− f(x)g(x + h)
h

+ lim
h→0

f(x)g(x + h)− f(x)g(x)
h
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Proof of the product rule

From the definition of the derivative we have

D[f(x)g(x)] = lim
h→0

f(x + h)g(x + h)− f(x)g(x)
h

= lim
h→0

f(x + h)g(x + h)− f(x)g(x + h)
h

+ lim
h→0

f(x)g(x + h)− f(x)g(x)
h

= lim
h→0

f(x + h)− f(x)
h

lim
h→0

g(x + h)

+ f(x) lim
h→0

g(x + h)− g(x)
h

= f ′(x)g(x) + f(x)g′(x).
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